In this paper, we first consider the relationship between a polynomial ring B over a Noetherian domain R and the ring of invariants A of a G a -action on B, when A occurs as a retract of B. Next, we study retracts of a polynomial ring in general and address the questions of D. L. Costa raised in [5] . Finally, we examine the behaviour of ideals and certain properties of rings under retractions.
Introduction
Let R ⊆ A ⊆ B be commutative rings. The ring A is said to be an R-algebra retract of B if there exists an R-algebra homomorphism π : B → B such that π 2 = π and π(B) = A. Now suppose R is a Noetherian domain containing Q, B := R[X 1 , X 2 , . . . , X n ], a polynomial ring in n variables over R, and A is the kernel of a non-zero locally nilpotent derivation D on B. It is well-known that B a = A a [T ] for some a( = 0) ∈ A and T ∈ B transcendental over A (Lemma 2.11(iii)). One investigates the structure of B over A and conditions under which B itself is isomorphic to the polynomial algebra over A. For instance, in [4] , it is shown that when R is a Noetherian domain containing Q, B = R[X 1 , X 2 ] and (DX 1 , DX 2 )B = B then B = A[T ] for some T ∈ B. In this paper, we investigate the above problem when the kernel A occurs as a retract of B. More generally, we consider the ring of invariants A of any exponential map φ (the ring-theoretic version of a G a -action, defined in Section 2) on the polynomial ring B over any Noetherian domain R. We prove (Theorem 4.5) that when R is a Noetherian normal domain and B = R[X 1 , . . . , X n ], then B, as an A-algebra, is isomorphic to the symmetric algebra of IA for some invertible ideal I of R. As a step to Theorem 4.5, we first show (Proposition 4.2) that when R is a UFD then B = A[T ] for some T ∈ A. For the convenience of readers who are more comfortable with the language of locally nilpotent derivations, the corresponding results for the latter have also been stated separately (Corollaries 4.3 and 4.6). The proof of Theorem 4.5 involves a new result (Lemma 3.4) on the concept of A 1 -patch that was formally defined in [9, Definition 2.1] . This result is a variant of the patching result [4, Lemma 3.1] of Bhatwadekar-Dutta. In this paper we also revisit the questions of D. L. Costa ([5, Section 4]) on Ralgebra retracts of polynomial rings R[X 1 , . . . , X n ] (see Section 5) . We show that any retract of R[X 1 , . . . , X n ] of transcendence degree one over a Noetherian domain R is an A 1 -fibration over R (Theorem 5.4) and that any retract of R[X 1 , . . . , X n ] of transcendence degree two over a Noetherian domain R containing Q is an A 2 -fibration over R (Theorem 5.9). We shall discuss the implications of these results in the light of some well-known results and examples.
We observe that if k is a field of characteristic zero, then any retract of k[X 1 , X 2 , X 3 ] is a polynomial ring (Theorem 5.8). This result follows from a characterization of polynomial subrings of k[X 1 , X 2 , X 3 ] by Miyanishi, Sugie and Fujita (Theorem 2.8) and has been independently observed by T. Nagamine ([20] ). On the other hand, over any field k of positive characteristic, the counterexamples to the Zariski Cancellation Problem by the fourth author in [14] and [15] show that when n ≥ 4, retracts of k[X 1 , . . . , X n ] need not be polynomial rings.
We shall prove that over any field k, a retract A of B := k[X 1 , . . . , X n ] is again a polynomial ring over k, provided A is a graded subring of B and the irrelevant maximal ideal of B remains invariant under the retraction (see Theorem 5.13 for a more general statement over an integral domain R).
The paper also records some general results on retracts in the spirit of Costa's results in [5] , including results on properties of rings and ideals preserved under retractions. Some of these results give conditions for a ring to be faithfully flat over its retract. One of the results (Theorem 6.7) gives an analogue of Theorem 5.13 for retracts of a complete equicharacteristic regular local ring.
We now discuss the layout of the paper. In Section 2, we set up the notation and recall a few definitions and known results. In Section 3, we prove a new result on A 1 -patch and in Section 4, we study the ring of invariants of a G a -action on a polynomial ring which is also a retract of the polynomial ring. In Section 5, we discuss the Questions of Costa and in Section 6, we record a few miscellaneous results on retracts.
Preliminaries
Notation:
By a ring, we will mean a commutative ring with unity. We denote the group of units of a ring R by R * . For a ring R and a non-zerodivisor f ∈ R, we use R f to denote the localisation of R with respect to the multiplicatively closed set {1, f, f 2 , . . . }. We denote the field of fractions of an integral domain R by Q(R). The notation k will always denote a field.
Let A ⊆ B be integral domains. Then the transcendence degree of the field of fractions of B over that of A is denoted by tr. deg A B. For a ring R and a prime ideal p of R, κ(p) denotes the residue field of the local ring R p ; and if A is an R-algebra, we use A p to denote the ring S −1 A, where S := R \ p. For an R-module M , Sym R (M ) denotes the symmetric algebra of M .
An N-graded ring R is a ring together with a direct sum decomposition of R as an additive group R = i∈N R i such that R i R j ⊆ R i+j for all i, j. A non-zero element r ∈ R is said to be homogeneous if r ∈ R i for some i ∈ N and i is called the degree of r. The ideal of R generated by the homogeneous elements of positive degree is called the irrelevant ideal and is denoted by
Let R be a ring and n a positive integer. For an R-algebra A, we use the notation A = R [n] to denote that A is isomorphic to a polynomial ring in n variables over R and the notation A = R [[n]] to denote that A is isomorphic to a power series ring in n indeterminates over R.
Definitions:
A subring A of a ring B is said to be a retract of B if there exists an idempotent endomorphism π : B → B such that π(B) = A. The map π is called a retraction.
A finitely generated flat R-algebra A is called an A n -fibration over R if, for each prime ideal p of R, A ⊗ R κ(p) = κ(p) [n] .
A derivation D on a ring B is said to be locally nilpotent if, for each b ∈ B, there exists a positive integer n (depending on b) such that D n (b) = 0. When B is an Ralgebra, we denote the set of locally nilpotent R-derivations of B by LN D R (B). The kernel of a locally nilpotent derivation D is denoted by Ker D.
Let R be a ring and φ : B → B [1] be an R-algebra homomorphism. For an indeterminate U over B, let φ U denote the map φ : B → B[U ]. Then φ is said to be an exponential map on B if φ satisfies the following two properties:
We denote the ring of invariants of φ, [1] , then the derivation ∂ ∂x induces the exponential map φ :
Preliminary results:
We first recall a few important properties of retracts recorded by Costa in [5] . 
. If B satisfies the ascending chain condition on principal ideals then so does A ([5, 1.8]).
The following theorem characterizes retracts of polynomial rings over a UFD in some special cases ([5, Theorem 3.5 and subsequent Remark]).
We now state an elementary result on symmetric algebras ([11, Lemma 3]). [n] for some integer n ≥ 0. Then A ∼ = Sym R (M ) for some finitely generated projective R-module M of rank n.
Next we state a result of A. Sathaye ([23, Theorem 1]) on the triviality of A 2fibrations over a discrete valuation ring containing Q. Theorem 2.5. Let R be a discrete valuation ring containing Q. If A is an A 2 -fibration over R, then A = R [2] . [1] .
(iii) n 0 p n B = (0).
Then there exists an element x ∈ B such that B = A[x] = A [1] .
Next we state the well-known cutting down lemma of Eakin ([10, Lemma B]).
for some positive integer n. Then A can be embedded inside k [d] , where d = dim A n.
The following theorem was proved by Fujita ([12] ) and ) in characteristic zero, and by Russell ([21, Theorem 3]) in arbitrary characteristic.
Theorem 2.8. Let k be a perfect field with an algebraic closurek. Let B = k [2] and A a finitely generated regular k-subalgebra of B of dimension 2 such thatk ⊗ k A is a UFD and Q(B)| Q(A) is a separable extension. Then A = k [2] .
Next we state a useful criterion for flatness ([17, 20.G] 
For convenience, we state below a well-known result on flatness ([18, Theorem 7.4(i)]). 
Finally, we recall some useful properties of exponential maps ([6, pp. 1291-1292]). Lemma 2.11. Let B be an integral domain, φ ∈ Exp R (B) and A := B φ . Then the following statements hold:
(i) A is a factorially closed subring of B. Consequently, A is algebraically closed in B and if B is a UFD, then A is also a UFD.
(ii) For a multiplicatively closed set S ⊆ A \ {0}, φ extends to an exponential map of
(iii) If φ is non-trivial (i.e., φ = Id), then there exists a non-zero element a ∈ A such that B a = A a [1] . In particular, tr. deg A B = 1.
A patching result
In this section we prove a result on A 1 -patch (Lemma 3.4). For convenience, we first state a few elementary results.
Lemma 3.1. Let R be a ring, B an R-algebra and A an R-algebra retract of B. Then the following statements hold:
(i) If B is a finitely generated R-algebra, then A is a finitely generated R-algebra.
(ii) If B is a faithfully flat R-algebra, then A is a faithfully flat R-algebra.
Proof. (i) The R-algebra A, being a quotient of B, is finitely generated over R. Then the following statements are equivalent:
The following result is crucial to the proof of our main patching result. 
(ii) If I is an invertible ideal of R, then I n = r n R x ∩ R for every n ≥ 0.
Proof. (i) Since
A is R-flat, we have by Lemma 2.10,
considering all three as submodules of R x ⊗ R A. Hence, identifying R x ⊗ R A with A x and considering the images of the above three modules in A x , we have IA = rA x ∩ A.
(ii) Fix n ≥ 0. Since I = rR x ∩R, we have I n ⊆ r n R x ∩R. To prove the equality, we assume that R is a local ring, so that I becomes principal. Let I = cR for some c ∈ R. 
.
. Let π : B → A be an R-algebra retraction. Replacing F and G by F − π(F ) and G − π(G), respectively, we may assume that π(F ) = π(G) = 0. Now
and hence F = λG + µ, for some λ ∈ A xy * and µ ∈ A xy . Since π(F ) = π(G) = 0, considering the extended retraction π : 
where M n = a n A x ∩ A y for every n ≥ 0. Note that M n ⊆ A x ∩ A y = A; thus M n = a n A x ∩ A and M n is an ideal of A, for each n ≥ 0.
is an ideal of R and by Lemma 3.3(i),
Since A is a faithfully flat R-algebra, it follows that the ideal I is a flat R-module. Since R is Noetherian, it follows that I is an invertible ideal of R. Therefore, by Lemma 3.3 (ii), I n = a n R x ∩ R and hence by Lemma 3.3(i), M n ∼ = (a n R x ∩ R)A = I n A. Now by (1), we have B = I n AT n ∼ = Sym A (IA) for the invertible ideal I of R.
Retracts and rings of invariants of G a -actions
In this section we shall mainly study the ring of invariants A of an R-algebra exponential map of B = R [n] when A occurs as a retract of B, especially the relationship between B and A, and associated results. When R contains Q, we get corresponding results for the kernel A of a locally nilpotent R-derivation of B = R [n] when A occurs as a retract of B.
We first record an elementary result on symmetric algebras: [1] .
Therefore, since Q is a finitely generated A-module, there exists an element a ∈ S such that
The next result shows that if φ is a nontrivial exponential map of a UFD B, and if there exists a retraction from B to A := B φ , then B = A [1] . Proposition 4.2. Let B be a UFD and A a subring of B. Then the following statements are equivalent:
(II) B = A [1] .
In particular, if R is a UFD and A an R-subalgebra of the polynomial ring B = R [n] satisfying (I), then B = A [1] .
Proof. (I) ⇒ (II): By Lemma 2.11(i) (also by Lemma 2.1(iv)), A is a UFD. Since A is factorially closed in B (Lemma 2.11(i)), any prime element p of A remains a prime element in B. Moreover, since B is a UFD, n 0 p n B = (0). By Lemma 2.11(iii), there exists a non-zero element a ∈ A such that B a = A a [1] . If a ∈ A * , then B = A [1] . Otherwise, let a = p m 1 1 · · · p m ℓ ℓ be a prime factorization of a in A. Then, each p i is a prime element in B and n 0 p i n B = (0) for 1 i ℓ. Therefore, by repeated application of Theorem 2.6, B = A [1] . (II) B = A [1] .
In particular, if R is a UFD containing Q and A an R-subalgebra of the polynomial ring B = R [n] satisfying (I), then B = A [1] .
The following example shows that in Proposition 4.2 or Corollary 4.3, we cannot relax the hypothesis that B is a UFD. is a locally nilpotent derivation whose kernel is A. However B = A [1] since B = C [2] .
We now prove our main theorem. . Then the following statements are equivalent:
Proof. (II) ⇒ (I): Follows from Lemma 4.1.
(I) ⇒ (II): Let p be a height one prime ideal of R. Then R p is a discrete valuation ring and hence a UFD. By Lemma 2.11, φ induces a nontrivial exponential map φ p on B p with the ring of invariants A p ; and by Lemma 2.1(ii), A p is a retract of B p . Therefore, by Proposition 4.2, B p = A p [1] . Since B is a finitely generated R-algebra,
. Set ∆ := Ass R (R/xR) and S := R\ p∈U p. Since R is a Noetherian normal domain, ht p = 1 for each p ∈ ∆. Hence S −1 R is a semilocal Dedekind domain and therefore a PID. By Lemma 2.1(ii), S −1 A is a retract of S −1 B. Also, by Lemma 2.11(ii), φ induces a nontrivial exponential map S −1 φ of S −1 B with ring of invariants S −1 A. Therefore, by again applying Proposition 4.2, we get S −1 B = (S −1 A) [1] . Since B is a finitely generated R-algebra, there exists an element y ∈ S such that B y = A y [1] . Since y is (R/xR)-regular, by Lemma 3.4, we have B ∼ = Sym A (IA) for some invertible ideal I of R. The following is an explicit example of the situation where R is a Dedekind domain, B = R[X, Y ] and A is an R-subalgebra retract of B such that B ∼ = Sym A (IA) and A ∼ = Sym R (J) for some non-principal invertible ideals I and J of R. In Corollary 5.6, we shall see that any retract A of B satisfying tr. deg R A = 1 will be the symmetric algebra of an invertible ideal of R. Let
Then u, v ∈ A,
It follows that
Also
Since (1 + b) and (1 − b) are comaximal ideals of R, we have
then π is a retraction. Since I and J are not principal, A = R [1] and B = A [1] by Lemma 2.3. Then
Clearly, B is not flat over A as going down fails because
In this case, A is not a retract of B. Similarly, if A is a retract of B, then B need not be flat over A (cf. Example 6.10). However, Theorem 4.5 shows that, if A is both a retract and the kernel of a non-zero locally nilpotent derivation on B, then B is faithfully flat over A.
On the questions of Costa
In this section, we discuss the following questions of D.L. Costa ([5, Section 4]). The following result on dimension of fibre rings is probably well-known. For the lack of a ready reference, we present a simple proof suggested to us by N. Onoda. (ii) Follows from the fact that A is a direct summand of B. 
Hence, by (3), (4) and (5),
Therefore, by (2) and (6),
Hence the result.
We now discuss Question 1 over a general Noetherian domain R. Note that, by Lemma 2.1(i), retracts of R[X 1 , X 2 ] of transcendence degree zero or two are R and R[X 1 , X 2 ] respectively. The following result shows that retracts of R[X 1 , X 2 ] of transcendence degree one are A 1 -fibrations; in fact, it characterizes retracts of polynomial R-algebras of transcendence degree one. 
2,
A ⊗ R κ(p) = κ(p) [1] . Hence A is an A 1 -fibration over R. Remark 5.7. Let R be a Dedekind domain which is not a PID and let J be an invertible ideal which is not principal. Since J is generated by two elements, J is an R-module retract of R 2 and hence A = Sym R (J) is an R-algebra retract of B = Sym R (R 2 ) = R [2] . But A = R [1] by Lemma 2.3. (Example 4.7 is an explicit illustration.) Thus, Corollary 5.6 is the best possible answer to Question 1 even for a Dedekind domain.
The following theorem answers Question 2 affirmatively in the case when R is a field of characteristic zero. This result has been independently observed by T. Nagamine in [20] .
Theorem 5.8. Let k be a field of characteristic zero, B = k [n] and A is a retract of B with tr. deg k A = 2. Then A = k [2] . In particular, any retract of k [3] is isomorphic to a polynomial ring over k.
Proof. Being a quotient of k [n] , A is an affine k-domain. Using Lemma 2.7, we may assume that A can be embedded in a polynomial ring C = k [2] as a k-algebra. By Lemma 2.1(v), A is regular. Letk be an algebraic closure of k. Thenk ⊗ k A, being a retract ofk [n] , is a UFD by Lemma 2.1(iv). Further, Q(C)| Q(A) is a separable algebraic extension as k has characteristic zero and tr. deg k A = 2. Now it follows from Theorem 2.8 that A = k [2] .
The following result addresses Question 2 when dim R ≥ 1. Therefore, by Theorem 5.8, A ⊗ R κ(p) = κ(p) [2] . Hence A is an A 2 -fibration over R.
(II) ⇒ (I) is a special case of Lemma 5.2.
As a consequence, we have the following response to Question 2 for a Dedekind domain R. (ii) Let R be an integral domain having a non-free projective module M of rank n (for instance, if R has a non-trivial Picard group) and A = Sym R (M ). Then tr. deg R A = n, A is a retract of a polynomial algebra B over R (by Lemma 5.1) but A itself is not a polynomial algebra over R (by Lemma 2.3). Thus, a result like Corollary 5.10 seems to be the best possible even over a Dedekind domain.
We now discuss Question 3. The following remark shows that over a field of positive characteristic, Question 3 does not have an affirmative answer in general.
Remark 5.12. Let k be any field of positive characteristic. Using Asanuma's example of a non-trivial A 2 -fibration over k [1] , the fourth author has proved that there exist stably polynomial rings over k (and hence retracts of polynomial rings over k) which are not themselves polynomial rings over k ( [14] ). In fact, using the examples of [15] , it can be shown that for any n 4, there exist retracts A of k [n] , satisfying 3 tr. deg k A n − 1 which are not polynomial rings.
In the context of Question 3, the next result gives a sufficient condition for a retract of R[X 1 , . . . , X n ] to be a polynomial ring. Recall that for a graded ring B = i≥0 B i , the ideal of B generated by the homogeneous elements of positive degree is denoted by B + . 
As A is a graded subring B, we have A 1 + B + 2 = A + + B + 2 and hence under the isomorphism θ, we have
Since π(B + ) ⊆ B + , π induces an idempotent endomorphismπ of F given bȳ π(g modB + 2 ) = π(g) modB + 2 ,
i.e.,π satisfiesπθ = ηπ. Hence we have an induced idempotent endomorphismπ of B 1 given byπ = θ −1π θ. i.e. , θπ =πθ = ηπ.
Since π(B + ) ⊆ B + , A + ⊆ π(B + ), A = π(B) and A + = A ∩ B + , we have π(B + ) = A + and hence, by (7) ,π (F ) = (A + + B + 2 )/B + 2 = θ(A 1 ).
Let M =π(B 1 ), N =ker(π) and rank(π) = rank(π) = d. Sinceπ is idempotent, M and N are projective R-submodules of B 1 and B 1 = M ⊕ N . Since ηπ(N ) = θπ(N ) = 0, we have π(N ) ⊆ B + 2 . Further,
Hence Sym R (M ) ⊆ A. We now prove that A ⊆ Sym R (M ). It is enough to prove the statement locally. Thus, we assume that R is a local ring and therefore both M and N are free R-modules of rank d and n − d respectively, say M = RY 1 ⊕ · · · ⊕ RY d and N = RY d+1 ⊕ · · · ⊕ RY n . Then, we have
Since M ⊆ A and π(N ) ⊆ B + 2 , we have 
But then π(g) = g as π(Y i ) ∈ B + 2 for all i > d by (8), a contradiction. Therefore A = R[Y 1 , . . . , Y d ] = R [d] . This completes the proof.
Remark 5.14. We note that Theorem 5.13 does not require the retraction map π to be a graded homomorphism. For example, let A := k[X] ⊆ B := k[X, Y ] be a retract with a retraction map sending Y to a non-constant polynomial f (X) which is not homogeneous and f (0) = 0. Then A is a graded subring of B and π(B + ) ⊆ B + . However, π is not a graded homomorphism.
As a consequence of Theorem 5.13, we have the following result over fields.
Corollary 5.15. Let A be graded k-subalgebra of the polynomial ring B := k[X 1 , . . . , X n ] with standard grading. Suppose that there exists a retraction π : B → A such that π(B + ) ⊆ B + . Then there exists a matrix σ ∈ Gl n (k) such that A = k[σ(X 1 ). . . . , σ(X d )] for some d ≤ n. In particular, A is isomorphic to a polynomial ring over k.
Proof. Since projective modules over a field are free, we may assume as in the proof of Theorem 5.13, that M = RY 1 ⊕ · · · ⊕ RY d and N = RY d+1 ⊕ · · · ⊕ RY n . Thus, there exists a matrix σ ∈ Gl n (k) such that σ(X i ) = Y i for 1 ≤ i ≤ n. Hence the result follows from Theorem 5.13.
The following remark summarises the status of Question 3.
Remark 5.16. Let A be a retract of k [n] . If tr. deg k A = 0, 1 or n, then by Theorem 2.2, A is also a polynomial ring over k. If k is a field of characteristic zero and tr. deg k A = 2, then it follows from Theorem 5.8 that A is again a polynomial ring. We have also seen in Remark 5.12 that if k is a field of positive characteristic, n 4 and 3 tr. deg k A n − 1, then A need not be a polynomial ring. Question 3 therefore reduces to the following two questions. Question 3.1 : Let k be a field of characteristic zero, n 4 and A a retract of k[X 1 , · · · , X n ] with tr. deg k A ≥ 3. Does it follow that A is a polynomial ring over k? Question 3.2 : Let k be a field of positive characteristic, n 3 and A a retract of k[X 1 , · · · , X n ] with tr. deg k A = 2. Does it follow that A is a polynomial ring over k?
In the context of Question 3, we ask the following weaker question.
Question 4 : Suppose
A is a retract of k [n] . Does it follow that the field of fractions of A is a purely transcendental extension of k?
Remark 5.17. Question 4 has an affirmative answer whenever Question 3 has an affirmative answer. Over a field of positive characteristic, the counterexamples to the Zariski Cancellation Problem ( [14] and [15] ) are counterexamples to Question 3 for each n 4. However, in each of the examples in [14] and [15] , the field of fractions are purely transcendental extensions of k and thus are not counterexamples to Question 4. Therefore, Question 4 is open for any field and any integer n 3.
Miscellaneous results on retracts
Let A be a ring and B := A[X 1 , X 2 , . . . , X n ]. Then A is (trivially) a retract of B under the natural retraction map which sends each X i to 0. Now for any ideal q of B, contained in (X 1 , X 2 , . . . , X n )B, A is also a retract of B/q. So even if A is a very nice ring, say a polynomial ring over a field k, the ring B/q can be 'virtually anything'. Therefore, we do not consider ascent properties under a retraction. Instead, we only focus on some nice properties of B and check whether they are preserved under a retraction. In this section, we record a few results of this type. For an ideal I of a ring R, we denote the minimal number of generators of I by µ(I). For a local ring R, we use m R to denote the unique maximal ideal of R. Lemma 6.1. Let A be a subring of B. If there exists a retraction π : B → A, then the following results hold.
(i) If J is an ideal of A then µ(JB) = µ(J).
(ii) For any ideal q of B with q ⊆ Ker π, A is also a retract of B/q. (iii) Trivial.
The next example shows that if A is a retract of B, then for an arbitrary prime ideal p of B, A/(p ∩ A) need not be a retract of B/p. Proof. Let q = pB ∩ A. If q = (0), then we are done. So we assume that q = (0). Since B satisfies ascending chain condition on principal ideals, so does A and hence, as q is a prime ideal, there exists a non-zero irreducible element x ∈ q. Now q = π(q) = pB ∩ A ⊆ π(pB) = π(p)A and π(p)A is a proper ideal. Hence, by irreducibility of x, we have π(p)A = xA. Therefore, q = π(p)A and hence π(p) is a prime element of A.
The following example shows that the hypothesis that π(p) is not a unit in A is crucial in the above result. Example 6.5. Let A = k[XY, XZ], B = k[X, Y, Z] and let π : B → A be the retraction map defined by π(X) := 1, π(Y ) := XY and π(Z) := XZ. Then X ∈ B is a prime element of B, but XB ∩ A = (XY, XZ)A has height two. Note that here π(X) is a unit in A.
The next example shows that in Lemma 6.4, even if π(p) is not a unit in A, it is possible that π(p)A = pB ∩ A and π(p) is not prime in A. Example 6.6. Let A = k[X] (X) , B := k[X, Y ] (X,Y ) and π : B → A be the retraction map defined by π(Y ) = 0. Then Y + X 2 is a prime element of B whereas π(Y + X 2 ) = X 2 is not a prime element of A. Here (Y + X 2 )B ∩ A = (0). Thus in general, π(p)A = pB ∩ A for a prime element p of B.
We shall now describe a few situations where a ring B is faithully flat over its retract A. The first result below, an analogue of Theorem 5.13, shows that the retract of a power series ring over a field k is always a power series ring. Theorem 6.7. Let B := k[[X 1 , . . . , X n ]] be a power series ring in n indeterminates over k and let A be a subring of B with a retraction map π : B → A. Then there exists a set of indeterminates
and π(Y i ) = 0 for all i > d. In particular, B is faithfully flat over A.
Proof. By Lemma 2.1, A is an equicharacteristic complete regular local ring with a residue field k. Let m = (X 1 , . . . , X n ) be the maximal ideal of B and n = π(m). Then n is the maximal ideal of A. Since B is a local ring, the retraction map π induces an idempotent endomorphism, sayπ, of the n-dimensional k-vector space m/m 2 with π(m) = n/(n ∩ m 2 ) = (n + m 2 )/m 2 . Let d = rankπ. Sinceπ is an idempotent endomorphism, there exist Z 1 , . . . , Z n ∈ m such that m = (Z 1 , . . . , Z n ),
Since B is a complete local ring, we then have B = k[[Z 1 , . . . , Z n ]] (cf. [18, proof of Theorem 29.4]). Let Y 1 , . . . , Y n ∈ B be defined by
Then π(Y i ) = Y i for 1 i d and π(Y i ) = 0 for d + 1 i n and (Z 1 , . . . , Z n ) + m 2 = (Y 1 , . . . , Y n ) + m 2 . Hence m = (Y 1 , . . . , Y n ) and n = π(m) = (Y 1 , . . . , Y d ). Hence, as both B and A are complete regular local rings, we have
In the above theorem, B is a complete regular equicharacteristic Noetherian local ring. The next result shows that faithful flatness is preserved even when B is not complete. Proof. Let m be a maximal ideal of B such that ker π ⊆ m. Then by Lemma 6.1 (iii), A m∩A is also a retract of B m under the induced map. The result now follows from Proposition 6.8.
The following example shows that, in general, a polynomial ring B = k [n] need not be faithfully flat over its retract, that the hypothesis that ker π ⊆ m is necessary in Corollary 6.9, and that the going-down property may not hold for an extension A ⊂ B with A being a retract of B, even when B = k [n] . For m = (X, Y, Z)B and n = m ∩ A, we see that ker π m and A n is not a retract of B m .
In the above example, tr. deg k A = 2. The next result shows that if B = R [n] over a Noetherian domain R and if A is a retract of B with tr. deg R A = 1, then B is faithfully flat over its retract A. Proof. Since A is a retract of B, the induced map Spec B → Spec A is surjective. So all we need is to show that B is flat over A. By ([17, 3.J]), it is enough to prove that B is locally flat over A. Let q be a prime ideal of B, p ′ := q ∩ A and p := p ′ ∩ R. Then we get the following local homomorphisms:
By (i), A ⊗ R κ(p) = κ(p) [1] , i.e., a PID. Since B ⊗ R κ(p) is a torsion-free module over the PID A ⊗ R κ(p), it is flat over A ⊗ R κ(p). Therefore, it follows that B q ⊗ Rp κ(p) is flat over A p ′ ⊗ Rp κ(p). Since B = R [n] , B q is flat over R p . Therefore, by Lemma 2.9, B q is flat over A p ′ . Example 6.10 shows that going-down property may fail under a retraction. It is easy to see that going-up property too may fail under a retraction from B to A, even when B = k [n] , as the following well-known example shows (cf. [17, p. 37] ). Example 6.12. Let A = k[X], B = k[X, Y ] and π : B → A be the retraction map sending Y to 0. Then the prime ideal p := (XY − 1)B contracts to (0) in A but there does not exist any prime ideal q of B containing p which lies over the prime ideal XA.
If A is the kernel of a locally nilpotent derivation on B, then any field L contained in B is also contained in A. However, the following example shows that, in general, if A is a retract of B and B contains a field L then L may not be contained in A. Example 6.13. Let A = k(X) and B := k[X, Y ] (Y ) . Then A is a retract of B under the retraction map sending Y to 0. The field L = k(X + Y ) is contained in B, but not in A.
The following lemma gives a criterion for a retract A of a ring B to contain every field which is contained in B. Lemma 6.14. Let A be a subring of a commutative ring B and let π : B → A be a retraction. If the set of fields contained in B forms a directed set under set inclusion, i.e., for any two fields F 1 , F 2 ⊆ B there exists another field E ⊆ B such that F 1 ∪ F 2 ⊆ E, then B contains a largest field, say K, and K ⊆ A. In particular, if k is a field and A is a retract of k [n] , then k ⊆ A.
Proof. The first assertion that B contains a largest field K follows from Zorn's lemma. Let L := K ∩ A. Then L is a field since any non-unit in A remains a non-unit in B (cf. Lemma 2.1(i)).
If possible suppose L = K and let t ∈ K \ L and s = π(t). Then π induces an isomorphism of the fields L(s) and L(t), where L(s) ⊆ A. By our hypothesis, there exists a field E ⊆ B containing both L(s) and L(t). Note that s−t = 0 but π(s−t) = 0. This is a contradiction since s − t is a unit in E and therefore also in B.
We have seen (Lemma 2.1) that the property of being a UFD or a regular ring or a normal domain is preserved under retractions. It is also easy to see that a retract A of a seminormal domain B is also a seminormal domain as A = B ∩ Q(A). However, the following example shows that a retract of a Cohen-Macaulay ring may not be Cohen-Macaulay. Let π : B → A be the retraction map defined by π(z) = 0. Then B is a Cohen-Macaulay ring since B is one-dimensional and y + z is a B-regular element. However, A is not a Cohen-Macaulay ring as dim A = 1, but depth A = 0.
The following example shows that a retract of a Gorenstein ring may not be Gorenstein.
Example 6.16. Let
A := k[X, Y ] (X 2 , Y 2 , XY ) and B := A[Z, W ] (Z 2 , W 2 , ZW, xW, yZ, xZ − yW ) .
Let π : B → A be a retraction map defined by π(z) = π(w) = 0. Then the vector space dimension of A (over k) is 3 and that of B is 6. Now A is not a Gorenstein ring since ann A x = ann A y = m A . However, one can check that xz is the only element in B, up to units, whose annihilator is equal to m B , implying that B is Gorenstein.
